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Abstract 

Let Q, C be a bounded domain and x > be a constant. We 
will prove the existence of constants Xn > > A*(l + X Jq i^fr)^ 
nonlocal MEMS equation -Av = X/{1 - vf{l + x Jq - v)dx)'^ mn,v = 
on d^l, such that a solution exists for any < A < and no solution exists 
for any A > Xn where A* is the pull-in voltage and w^, is the limit of the 
minimal solution of —Av = A/(l — v)"^ in Q, with t> = on dCl as X A*. 
Moreover Atv < c« if is a strictly convex smooth bounded domain. We 
will prove the local existence and uniqueness of the parabolic nonlocal MEMS 
equation ut = Au + A/(l — n)^(l + x/q 1/(1 — u) dx)"^ in x (0,oo), u = 
on X (0, (X)), w(x,0) = no in fi. We prove the existence of a unique global 
solution and the asymptotic behaviour of the global solution of the parabolic 
nonlocal MEMS equation under various boundedness conditions on A. We also 
obtain the quenching behaviour of the solution of the parabolic nonlocal MEMS 
equation when A is large. 
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Introduction 

Micro-electromechanical systems (MEMS) are widely used nowadays in many elec- 
tronic devices including accelerometers for airbag deployment in cars, Inkjet printer 



1 



heads, and the device for the protection of hard disk, etc. The challenge is to build 
and understand the mathematical models and the mechanism for the various MEMS 
devices. Recently there is a lot of study on the equations arising from MEMS by P. Es- 
posito, N. Ghoussoub, Y. Guo, Z. Pan and M.J. Ward [1], [2], [3], [1], N.I. Kavallaris, 
T. Miyasita and T. Suzuki [5], F. Lin and Y. Yang [6], L. Ma and J.C. Wei IT], 
G. Flores, G.A. Mercado, J.A. Pelesko and A.A. Triolo [8], [9], [10] etc. Interested 
readers can read the book, "Modeling MEMS and NEMS" HI], by J.A. Pelesko and 
D.H. Bernstein for the mathematical modeling and various applications of MEMS 
devices. 

In [11] J.A. Pelesko and D.H. Berstein model the deflection between the two 
parallel plates of an electrostatic MEMS device by the equation 

-Aw =— — m \ l 

w =0 on dQ 

where f2 C is a bounded domain. Interested readers can read the papers [2], 
[5] and [6] for various results on the above equation. In [6] F.H. Lin and Y. Yang by 
using variational argument derived the following nonlocal MEMS equation 

—Av = — J m iZ 

V =0 on dQ 

of an electrostatic MEMS device with circuit series capacitance that models the deflec- 
tion between a membrane and an upper plate which is parallel to the plane containing 
the boundary of the membrane. An interesting property of (Sx) ([2], [6]) is that there 
exists A* > called pull-in voltage in the literature of MEMS research such that {S\) 
has a solution for any < A < A* and no solution exists for any A > A*. Physically 
this corresponds to the existence of a pull-in voltage such that the membrane and 
the upper plate in the MEMS device collapse together [6], [11], when A which is pro- 
portional to the square of the electric voltage between the membrane and the upper 
plate is greater than the pull-in voltage A*. 

In this paper we will study the equation (S^) and show that {S^) has similar 
properties. Let x > 0. We will study the existence and non-existence of solutions of 
the corresponding nonlocal parabolic equation (cf. [11], [12]). 

^ =A'u + . in X (0,T) 

u =0 on dn X (0,T) 

^ u{x, 0) =^0 in ^ 

where A > is a constant. The above equation also appears in the unpublished 
preprint "Pull-in voltage and steady states of nonlocal electrostatic MEMS" of N. Ghous- 
soub and Y. Guo. We will prove the local existence and uniqueness of solution of (-Px)- 
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Under some boundedness conditions for A we prove the existence of a unique global 
solution and the asymptotic behaviour of the global solution of (-Pa)- We prove the 
quenching behaviour of the solution of {P\) when = on Q and A is large. Physi- 
cally this corresponds to the case that there is no deflection of the plates at the initial 
time t = and the applied voltage is large. We also prove the quenching behaviour 
of the solution of {Px) when f2 is a ball, Uq is radially symmetric, and A is large. 

The plan of the paper is as follows. In section 1 we will prove the existence 
of constants A^r > A^ > A*(l + X Jq j^^T ^^^h that (S^) has a solution for any 
< A < A^ and ("S*^) has no solution for any \ > X^. Wc also prove the boundedness 
of Aat when is a strictly convex smooth bounded domain of M". In section 2 we 
will prove the local existence and uniqueness of solution of (Pa)- We also obtain 
energy estimates for the solution of (-Pa)- In section 3 we prove the global existence 
and asymptotic behaviour of the global solution of (Pa) under various boundedness 
conditions on A. In section 4 we prove the quenching behaviour of the solution of 
(Pa) when A is large. 

We will assume that 1] C is a bounded domain for the rest of the paper. We 
start with some definitions. For any 6 > 0, R > 0, let fls = {x E ■ dist(a;, dfl) < 6} 
and Br — {x e M."' : \x\ < R} . We say that w is a solution of (Sx) {{S^) respectively) 
if w e C^(Q)nC(n), < w < 1 in Q, satisfies (Sx) {(Sx) respectively) in the classical 
sense. 

For any constants x > 0, A > 0, / G C(il x (0, T)) and 

Uq e L^(Q) with Uq < a a.e. in Q (0.1) 

for some constant < a < 1 we say that m is a solution (subsolution, supersolution 
respectively) of 

f dv A f 

^^Au+ -, mQx(0,T) 

^ u=0 ondQx (0, T) 

^ u{x, 0) =Uo in fl 

in Q X (0,T) Hue C^^\n X (0,T)) nC(n X (0,r)), < < 1, satisfies 
^ = Au+ . inJ^x(0,r) 

(<, > respectively) in the classical sense with u{x,t) — (<, > respectively) on 
on X (0,T), 

sup u{x,t) < 1 VO < T' < T, 

nx[Q,T'] 

and 

\\u{-,t)-uo\\L^Q)^0 ast^O. (0.2) 
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Let fii be the first positive eigenvalue and (f)i be the first positive eigenfunction of 
—A which satisfies J^(f)idx = 1. For any solution u of {P\) we define the quenching 
time Ta > as the time which satisfies 

supM(x,t)<l VO<t<TA 
n 

lim sup u(x, t) = 1. 

We say that u has a finite quenching time if < oo and we say that u quenches at 
time infinity if = oo. 



1 Properties of Steady-states 

In this section we will prove the existence of constants Ajv > > such that (S^) 
has a solution for any < \ < X^f and (S^) has no solution for any A > Aat. For 
any solution w of {S\) we let L^^x = —A — ^;^^3 be the linearized operator at w and 
let fii^xiui) be the first eigenvalue of L^^x- We recall a result of N. Ghoussoub and 
Y. Guo p]. 

Theorem 1.1. (Theorem 1.3 and Theorem 2.1 of ^2]) There exists a constant A* > 
such that the following holds. 

(i) For any < A < A* there exists a unique minimal solution < < 1 of {Sx) 
such that Hi^xiwx) > 0. Moreover for each x E Q the function A — )■ wx{x) is 
strictly increasing and differentiable on (0, A*). 

(ii) VA > A* there is no solution of (Sx)- 

(iii) Let 

= lim Wx- (1.1) 

Then < < 1 in fi. If 1 < n < 7, then supAg(o,A*) II'^a||oo < 1 and 
G C^'°(fi) is a solution of (Sx*) such that fii^x'iw^) = 0. 

We will now let x > 0, i^a be the minimal solution of (^a) given by Theorem 1.1 
for any < A < A^., and be given by (1.1) for the rest of the paper. Note that by 

dx 

< +00. 

Theorem 1.2. Let A, = A*(l + x j^'f- For any < A < A^, there exists a unique 
constant fii G [0, A*) given by 

f^i(i+x [ ^^^y =A (1-2) 
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such that w^^ is a solution of (S^ ). When 1 < n <7 , the same conclusion holds for 
any < A < A^,. 

Proof. Existence of solution of {S^) for < A < A*(l + x|^|)^ is obtained by F.H. Lin 
and Y. Yang in [6] using a fixed point argument. Here we will give a simple proof which 
extends their existence result to the case < A < A*. Note that A* > A*(l + 
When A = 0, the function f = is a solution of {S^). Let < A < A* and let 

h{^l) = f,(i + x [ -J^] vo < < A*. 

Then by Theorem 1.1 h{ix) is a strictly monotone increasing continuous function of 
/i G [0, A*] and h{\*) > A > /i(0) = 0. By the intermediate value theorem there exists 
a unique /ii G (0, A*) satisfying (1.2). Then w^^ satisfies {S^). When 1 < n < 7, by 
Theorem 1.1 and a similar argument the same conclusion holds for any < A < A*. 

□ 

Let A^ = sup{Ao > : {S^) has a solution VO < A < Aq} and 

Di = {Ao > : {S^) has no solution for any A > Aq}. 
Let Aat = infAoGDi Aq ii Di ^ (p and Aat = oo if Z^i = 0. Then by Theorem 1.2, 

Aiv> A;,> A, = A*(l + x / -^)2>0. 

Proposition 1.3. Suppose VL C M"" is a strictly convex smooth hounded domain such 
that X ■ V > a > for x G dVl where v is the unit outer normal to dQ at x, then 
— < oo. Moreover for any n>2, 

Proof. Let A > 0. Suppose f is a solution of (S^). We first claim that there exist 
constants Ci > and 6 > such that 

<cj (1.4) 



We will use a modification of the proof of Theorem 3.1 of [13] and Theorem 2(a) of 
[H] to prove the claim. By the results of |T5], [16], [17], there exist constants 6 > 
and a > such that v{x — sui) is an increasing function of s G [0, 26] for any x G dQ 
and ui G M" satisfying = 1 and ui ■ z/(a;) > a where i/(x) is the unit outward 
normal to dQ at x. Moreover there exists ai > such that for any y ^ Qg there 
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exists a fixed-sized cone T{y) C Q25 with vertex at y such that |r(y) \ ^7^1 > ai and 
v{z) > v{y) for any z G T{y). Then 

1 1 /■ dz If dz ^, ^ 



(1 - v{y)f - \T{y) \ (1 - v{z)y " a, J^^^^ (1 - v{z)) 

dy ^\VL\ f dx 



and (1.4) follows. Multiplying (S^) by and integrating over Q, 

/ii > /ii / t;</)i dx = - 4)iAv dx = X— — 7 dxN9 - (1-^) 

Now by (1.4), 

f dx \^ _ „ /" dx 9//" dx ^ 
1 + X / ^ =1 + 2x / ^ + 



1 

dtXj \ r) I I doc 



<2(^1 + X'|fi|^ 



(1-r;) 



<2 l + Cixll^l 



(l-t;)2 

c/a; 



<2 + c,x' rr^^dx (1.6) 
in (1 - vy 

where C2 = 2Ci|r2|/ minn\n^ 0i. Since s / {2+C2'}d is a monotone increasing function 
of s > 0, by (1.5) and (1.6), 



Hence 

< Aw < /ii(2 + C2X^) < 00. 
We will next use a modification of the proof of Proposition 3.3 of [2] to prove (1.3). 
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Suppose n > 2. By the Pohozaev's identity [T8] . 

f n — 2 f If f dv\'^ 

nX / G{v) dx — A / vg{v) dx = - ' ^) \ ^ ] '^•^ 



a f f dv ^ ^ 



- 2\dn\ Viae di^ 



a 



2 

Af dx 



2\dn\ 

aX^ f f dx ^ ^ 



where 6„ = (1 + x 1/(1 ~ dx^, g{v) = — f)^ and 

Then by (1.7) and an argument similar to the proof of Proposition 3.3 of [2], 
aX^ f f dx \u f v{n + 2 — 2nv) 



(1.7) 



An + 2)^ f f dx Y f dx 

< A — 1 + X 



Hence 

aX f dx {n + 2y / i f f dx \^ 



\2 



\dn\j^ii-vy - 8n y ' v^(i-^) 

^ (n + 2)2 / ^ ,r^,^ f f dx \5 /■ da; 



\ ' V^(i-^)V ' '^(1-^)^ 

Thus 



ian \ 

and (1.3) follows. □ 
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2 Properties of the nonlocal parabolic MEMS 

In this section we will prove the local existence and uniqueness of the nonlocal 
parabolic MEMS (-Pa)- We also obtain the energy estimates for the solutions of 

Theorem 2.1. Suppose —bi < uq ^ L^{Q) satisfies (0.1) for some constants 6i > 
and < a < 1. Let A > 0, x > 0; ^''^d let ui, U2, he solutions of (P\) in Q x (0,T). 
Then Ui ^ U2 in Q x (0,T). 



Proof. We will use a modification of the technique of Dahlberg and Kenig [19] and 
K.M. Hui [20] to prove the lemma. By reducing T slightly we may assume without 
loss of generality that 

sup Ui<b2<l Vi = 1,2, (2.1) 

Cx(0,T) 

for some constant < 62 < 1- Note that since Ui is a supersolution of the heat 
equation in f2 x (0, T) for i = 1, 2, by the maximum principle, 

> -hi in X (0, T) Wi = 1, 2. (2.2) 

Let h e C^{^) be such that < /i < 1. For any ti G (0,T), let r] be the solution of 



where 



H{x,t) 



'1 — Ui 



r]t + At] + Hr] = in x (0, ti) 
r] = ondQx{0,ti] 
r]{x, ti) = h{x) in Q 



;i - «2) 



(2.3) 



2A 



Ui - U2 

1 



^1 + X/q l-ui{y,i)' 



if Ui{x,t) ^ U2{x,t) 
if Ui{x, t) = U2{x, t). 

(2.4) 
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By the maximum principle f] > 0. Then 

/ (ui — U2){x,ti)h{x) dx 
Jn 

= J ^[{ui - U2)r]] dx dt 

n[{ui - U2)tr) + {ui - 1*2)77*] dx dt 

*i /■ r 

r]A{ui - U2) + {ui - U2)r)t 




Jn 



+ Xri 



1 



dx dt 



n{ui - U2) [r]t + Ar; + Hrj] dx dt 

L (T^ ( (1 + X " (tW=^) * 

Hence by (2.1), (2.2), (2.3) and (2.5), 

{ui — U2){x, ti)h{x) dx 

Xxn (i-«2)(i-«i) ^2/ (2 + X 




dxdt 



<Ci\\v\\oc r [ iu2-ui)+{y,t)dydt (2.6) 
Jo Jci 



for some constant Ci > depending on bi, 62, A and x- By (2.1), (2.2) and (2.4) 
there exists a constant C2 > such that supj^><(Q^) \H{x,t)\ < C2. Then 

rit + Ar] + C2V > infix {0, ti) (2.7) 

{e^'^^rj)t + A{e^'^*rj) > in Q x (0, ti). (2.8) 

Hence by the maximum principle, 

r]{x, t) < e^^^ri{x, t) < m&x{e'^^^'ri{x, ti)) = e^^^^ ||/i||Loo < e^^^ Vx e O, < t < ti. 

a, 

(2.9) 

By (2.6) and (2.9), 

[ {ui-U2){x,ti)h{x)dx <Cie^^^ [ [ {u2 - ui)+{y,t)dydt (2.10) 

Jo Jn 
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We now choose a sequence of smooth function {hi}, < hi < 1, such that hi{x) 
converges a.e. to the characteristic function of the set {x : Ui{x,ti) > U2{x,ti)} as 
i CO. Letting i — oo in (2.10) we get 

[ {ui-U2)+{x,ti)dx < Cie^^'^ [ [ {u2-ui) + {y,t)dydt VO < ti < T. (2.11) 
Jn Jo Jn 

Interchanging the role of Ui and U2, 

[ {u2-ui) + {x,ti)dx < Cie^'^ [ [ {ui-U2) + {y,t)dydt VO < ti < T. (2.12) 
Jn Jo Jn 

By (2.11) and (2.12), 

[ \ui-U2\{x,ti)dx <Cie^''^ [ [ \ui-U2\{y,t)dydt VO < ti < T. (2.13) 
Jn Jo Jn 

Let 



ui^) — / / \ui — U2\{z, s) dz ds. 
Jo Jn 

Then by (2.13), 

y'{t) < Cie^^^y{t) VO < t < T 

^ y{t) < e^''^''^^y{0) = VO < t < T 
^ y{t) = VO < t < T 

and the theorem follows. □ 

Theorem 2.2. Let —b<uoE L^{Q) satisfies (0.1) for some constants b > and 
< a < 1. Then for any A > and x > there exists T > such that (P\) has a 
solution u > —b in Q X (0, T) which satisfies 



G{x,y,t- s) 



u{x,t)= / G{x,y,t)uo{y)dy + X / / — ^-^ — -dyds 

Jn Jo Jn (1 - u{y, s)ni + xjn T^fe) )' 

(2.14) 

for all {x,t) G f2 X (0,T) where G{x,y,t) is the Dirichlet Green function for the heat 
equation in Q x (0,T). 

Proof. We will use a modification of the proof of Theorem 2.5 of [20] to prove the 
theorem. 

Case 1 : -b < uq G G^{9) satisfies (0.1). 
Let 

T=L_L. (2,15) 
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"* f G(x y t - s) 
ui{x,t)= I G{x,y,t)uo{y)dy + X I / , ' ' 7 d^^dyds (2.16) 

and 



(2.17) 

for all X G fi, < t < T, A; > 1. Let 

~ /" /"* /" G(x,y,t - s) 

ui{x,t) = / G{x,y,t)uo{y) dy + X / / -^—^^-j—^dyds {2.li 

Jn 

and 



(1 - ^^o(y))^ 



t)= / G(a;,y,t)no(y)rfy + A / / ^,dyds (2.19) 




in (1 - «fc(2/,s))^ 



for all a; G fi, < t < T, A; > 1. Then 

Ml < Ml Vx G n, < t < T. 

Suppose 

Mfc < Mfe Vx G n, < t < T, (2.20) 
holds for some A; > 1. Then by (2.17), (2.19) and (2.20), 

Uk+i < Uk+i Vx G n, < t < T. (2.21) 

Hence by induction (2.20) holds for all A; > 1. Since by the proof of Theorem 2.5 of 

Uk < Vx G n, < t < T, A; > 1, 

by (2.20), 

Uk < Vx G n, < t < T, A; > 1. (2.22) 

Let 

qix,t) = [ Gix,y,t)uoiy)dy (2.23) 
Jn 

Then q is the solution of the problem 

dtq = Aq in Q x (0, 00) 
q = ondnx (0, 00) (2.24) 

g(x, 0) = uo{x) in Q. 
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By (2.16), (2.17) and (2.23), 

Uk{x,t) >q{x,t)> -b Vx G n,0 < t < T,fc e Z+. (2.25) 

Since 

q{-,t)^Uo mL\n) as t ^ 0, (2.26) 
by (2.16), (2.17), (2.22) and (2.25), 

Uki-,t)^uo inL^(fi) ast^O. (2.27) 

By (2.16), ui is continuously differentiable in x and t. Then by (2.16), (2.17), (2.22), 
(2.25) and standard parabolic theory [H], [22], Uk G C^'^(n x (0,r]) for all k > 2. 
Then by (2.16), (2.17) and (2.22), VA; > 2, Uk satisfies 

^=^"^ + 7^ ^TT^T^^^ infix(0,T) 

Mfe(x,t) = on X (0,T) 

^ MA:(a;, 0) = uo{x) in fi. 

By (2.22), (2.25), (2.28) and the parabolic Schauder estimates [21], the sequence 
{wfc}r=2 are uniformly Holder continuous on Hx [0,T]. Then by (2.22), (2.25), (2.28) 
and the Schauder estimates ([21], [22]) {uk}'^^2 are uniformly bounded in C'^'^{K) for 
any compact subset K C x (0,T]. By the Ascoli-Arzela theorem and a diagonal- 
ization argument {uk}'^^2 '^as a subsequence which we may assume without loss of 
generality to be the sequence itself which converges uniformly in C'^'^{K) to some 
function u for any compact subset i^' C ^2 x (0, T] as A; — ?■ oo. Then by (2.16), (2.17), 
(2.22) and (2.25) u satisfies (2.14), 

-b <q{x,t) <u{x,t) <^-^ Wxen,0<t<T, (2.29) 

and 

^=Au + infix(0,T) 

9' (l--m + xLT^)^ 

u{x,t) = ondQx{0,T) 

By (2.14), (2.26) and (2.29), m satisfies (0.2). Hence m is a solution of (Pa) infix(0,T). 
Case 2 : -b < Uq e L^{Q) satisfies (0.1). 

We choose a sequence of function {uo^k}'kLi ^ such that —6 < uo^k < a in 

fl for all > 1 and Uo^k converges to Uq in L^{Q) and a.e. as — ?■ oo. For any k G Z+, 
by case 1 there exists a solution Uk of (Pa) in x (0,T) with initial value Mo,fc which 
satisfies (2.22), (2.27) with uq there being replaced by Uo^k, 

Ukix, t) > G{x, y, t)uo kiy) dy > —b Va; G fi, < t < T, G Z"*", 
Jq 
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and 

Uk{x,t) = I G{x,y,t)uo,k{y)dy + X I [ ^}^on'^, — T ^(^V^s 

Jo Jn (1 - Uk{y, + xj^ i-u,(z,s) ) 

_ (2.30) 
for any x & Q,0 < t < T where T is given by (2.15). Then by an argument similar to 
[20] . the sequence {uk}'^=i are uniformly bounded in C'^'^{K) for any compact subset 
K G Q X [0,T]. Moreover {uk}'^i has a subsequence which we may assume without 
loss of generality to be the sequence itself which converges uniformly in C^'^{K) to a 
solution u of (Pa) which satisfies (2.14) and (2.29) with q{x,t) being given by (2.23) 
and the theorem follows. □ 

Theorem 2.3. Let A > 0, x > 0, and let < Uq E L^(f2) satisfy (0.1) for some 
constant < a < 1. Let u he a global solution of (P\)- Then u satisfies 

^ ^ ul dxdt + ^ ^ I V^(x, T)\'dx<^j^ \Vu{x, to) P dx + ^^^^^^ (2.31) 

for any T > to > 0. If uq = on Q, then 

[ [ u'fdxdt + - [ \Vu(x,T)\^dx < — — ^— — VT > 0. (2.32) 
Jo Jn ^ Jn X{^ + XM) 

Proof. By Theorem 2.1 and Theorem 2.2 u is uniquely given by (2.14) in x (0, oo). 
Hence m > in f2 x (0, oo). Then 






Ut 



u, dx dt = / UfAu dxdt + X / ^ dx dt 



- f ^{ ! \Vu\'dx\ dt + X f'Jiiki^dt 



^ \Vu{x,to)\^dx I \Vu{x,t)\'^dx + 



2^' ' ^Jn x(1 + xLt^) 

^ Vt > to > 0. 



dy 



Hence 




If.-,.... X 



to Jn 



u1dxdt+- I \Vu{x,t)\^ dx + 



X{l + X!^T^ 



iy,t) ' 



^ ^ \Vu{x,to)\'^dx ^ 



2-^f^ ' xi^ + xInTZ^) 

<i/jVn(x,to)rcix + ^^^^ Vt>to>0. 
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and (2.31) follows. U uq = on fi, then by (2.14) and [2T], 

G{x,y,t- s) 



u(x,t) =X / / ^ ' ' -, — dy ds 

'^"^^'^^'-'/o /.(1-.(.,.))^(1 + X/.^)^^^^^ 



<C [ [ \VG{x,y,t- s)\dyds 
Jo Jq 

<C I I ^e-'—dyds 



" (t-s) 

<Ct VxG^],0<t<l. (2.33) 

where C > is a generic constant that changes from line to line. Letting to in 
(2.31) by (2.33) we get (2.32) and the theorem follows. □ 

Corollary 2.4. Let A > and x > 0. Let < uq G L^iVt) satisfy (0.1) for some 
constant < a < 1. Suppose u is a global solution of (P\) which satisfies < u < b 
inQx (0, oo) for some constant < b < 1. Let {tj}^i be a sequence such that ti > to 
for all i > 1 and tj oo as i oo for some constant to > 0. Then the sequence 
{ti}°Zi has a subsequence {t^j^i such that u{x,t'j) converges uniformly in C^{fl) to a 
solution V of (S^) as i oo, 

/ (x, t'i)dx ^ as i oo (2.34) 
Jq 

and V satisfies 

I \Wv\^dx< I \Wu{x,to)\^dx + (2.35) 
Jn Jn Xi'^ + XM) 

If Uo = on Q, then the same conclusion holds with to = 0. 



Proof. Since 0<u<b in ^Ix (0, oo), by the parabolic Schauder estimates [21] 
u E C'^+i^'^+^l^/'^^(^n X [l,oo)). Then by the Ascoli-Arzela theorem there exists a 
subsequence {t'i}°Zi of {ti}°li such that u{x,t[ + t) converges uniformly in C^{fl) 
to some function Vi in C'^^^'^'^^^^'^^fl x [0,1]) as i — )■ oo. Let v{x) = vi{x,0). By 
Theorem 2.3 (2.31) holds. Suppose there exists a constant e > and a subsequence 

{tnzi of {t'i}r=i such that 

/ u^^{x, t^[) dx>e Vz G Z+. (2.36) 
Jn 

Without loss of generality we may assume that tf > t'-_^ + 2 for all i G and to > 2. 
Since u G C^+'^'^+(^/^)(fi x [1, oo)), there exists a constant < 6 < 1 such that 



Uf{x,t)dx— / Uf-{x,t')dx 
n Jn 



<- Wt,t' >to,\t-t'\ <6. (2.37) 
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By (2.36) and (2.37), 

/ u^tix, t)dx>^ V|t -t'^\<6,ieZ+ 
Jn 2 

poo p °o rt'/+5 p °° 

=^ u^{x,t) dx dt / / M^(x, t) dx dt = 6e = oo. 



This contradicts (2.31). Hence (2.34) holds. By (2.31) and an argument similar to 
the proof of Theorem 3.1 of [2U] vi{x,t) = v{x) for all < t < 1. Integrating {Px) 
over (t^,t: + l), 



u(x,t'. + 1) - u(x,t':) = / Au+ ^ dt 

= Av H — :j as 2 — )■ oo 



Putting t = in (2.31) and letting i -> oo (2.35) follows. If mq = on Vt, then (2.32) 
holds. Putting t = in (2.32) and letting i — )• oo (2.35) holds with to = and the 
corollary follows. □ 



Corollary 2.5. Let X > Xn and x > 0. Let u be a global solution of (Px)- Then 
either T\ < oo or u quenches at time infinity. 



3 Global existence and asymptotic behaviour of 
solutions of (Px) 

In this section we will prove the global existence and asymptotic behaviour of solutions 
of (Pa) under various boundedness conditions on A. 

Theorem 3.1. Let n = 1, b > 0, n = {-b,b), x > and < X < ^^^Jnf^. Then 
there exists a unique global solution u > for (Px) in Q x (0, oo) with uq = and 
there exists a solution v of (Sx ) which satisfies 

Hence > x(l + x|fi|)/2|^^| . 

Proof. By Theorem 2.1 we only need to prove existence of global solution of (-Pa)- By 
Theorem 2.2 there exists T' > such that (Pa) has a solution u > in Q x (0,T') 
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with Mo = 0. Let T > be the maximal time of existence of a solution u > of (Pa) 
in f2 X (0,T) with uq = 0. Suppose T < oo. By Theorem 2.3, 



u1{x, t) dx < 



2A 



VO < t < T. 



Hence V|a;| <b,0<t <T, 



u{x, t) 



u^{y,t)dy < \n\2 



-b 



uliy,t)dy 



< 



2X\Q\ 



< 1 



Let ai 



2X\n\ 



x{i + xM) 

Ti = (1 - ai)Vl6A, and Ts = T - min(ri/2, T/2). By the proof 



x(i+x|f^l)' 

of Theorem 2.2 there exists a solution ui of (Pa) in x (0, Ti) with uq = u{x, T2). We 
then extend u to a function on x (0, T2 + Ti) be setting u{x, t) = ui{x, t — T2) for 
all X G f2 and T2 < t < T2 + Ti. Then w is a solution of (Pa) in f2 x (0, T2 + T1) with 
Uq = 0. Since Ti + T2 > T, this contradicts the maximality of T. Hence T = 00 and 
u is a global solution of (Pa) with uq = 0. By Corollary 2.4 there exists a sequence 

— 7- 00 as 2 — 00 such that u{x, tj) converges uniformly on Q to a solution v of (S^ 
which satisfies (2.35) with to = as i — )■ 00 and the theorem follows. 



^) 
□ 



Corollary 3.2. Let n = 1, b > and = {—b,b). For any x > and < A < 

^^^2jnp^, let vx,x be the solution of (S^ ) constructed in Theorem 3.1. Then vx^^ 
converges uniformly to on Q as x ^ 00 or A — t- 0. 

Proof. By Theorem 3.1 vx^^ satisfies (3.1). Hence 

rb 



\vx,x{^)\ < 



^ 1 

jjvx,x).dy < V2b (yj_Mldy^ ' < 2 



b\ 



x{i + xM)' 



Since the right hand side tends to uniformly on as x — i- 00 or A — 0, the corollary 
follows. □ 

We next recall a result of [201. 



Lemma 3.3. (cf. Theorem 2.1 of 120]) Let mo,i,uo,2 ^ L^{Vi) he such that < mo,i < 
no,2 < a mn for some constants < a < 1. LetO<'f e C(nx (0, T))nL°°(nx (0, T)). 
Suppose Ui, U2, are nonnegative subsolution and supersolution of 



du . fix,t) 
— =Au + ^ ' 
ot 1 — uY 



u 

^ u(a;,0) 



=0 

--Uq 



znnx (o,r) 

on dQ X (0,T) 
in Q 



inQx (0,T) with initial value Uq = uq i,uq 2, respectively which satisfy (2.1) for some 
constant < 62 < 1- Then ui < U2 in Q x (0,T). 
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Theorem 3.4. Let < X < A*(l + xMY, X > ^ and = A/(l + xl^l)^- Let 
fiQ G [/i, A*) and let uq G L^{Q) be such that < uq < w^^ in Q, there exists a unique 
global solution u of (P\) such that < m < inQx (0, oo). //I < n < 7, the same 
result remains valid for < A < A*(l + and /iq = A*. 

Proof. As before by Theorem 2.1 we only need to prove existence of global solution 
of (Pa)- Let < a < A*(l + xl^l)^- Note that since the inequality 

u{x,t) < |ll|5||M^.||i2(n) 

for function u vanishing at dQ x (0, T) is only valid when f2 is a bounded interval in 
M and n = 1, the argument of the proof of Theorem 3.1 cannot be used here. We will 
use another method to prove this theorem. 

By Theorem 2.2 there exists T' > such that (Px) has a non-negative solution u 
in Q X (0, T'). Let T > be the maximal time of existence of the solution u. Then u 
satisfies 

ot [l — u) 



<Am + — infix(0,T). 



Hence by Lemma 3.3 u < w^^^ < \\w^q\\oo < 1 on 1] x (0, T). Suppose T < oo. Then 
by the parabolic Schauder estimates [21j u G C'^'^iVt x (T/2,T)). Hence u can be 
extended to a function on H x (T/2,T] and u G C^^^iU x (r/2,T]). By Theorem 2.2 
there exists 5 > such that there exists a solution u of (Pa) in x (0, 5) with initial 
value Il(x, 0) = ^(x, T). Let u{x, t) = u{x, t — T) for any x & Q and T < t < T + S. 
Then m is a solution of (Pa) in f2 x {0,T + 6). This contradicts the maximality of T. 
Hence T = oo and m is a global solution of (Pa)- 

If 1 < n < 7, by Theorem 1.1 i/;* < 1 on Q. Then the same argument as before 
also works for the case 0<A<A*(l + x|^|)^ and /xq = A* and the theorem follows. 
□ 

Theorem 3.5. Let C M" be a smooth bounded domain. Let < A < A*(l + x|^|)^; 
X > and /i = A/(l+x|f^|)^- Let /io G [/i, A*) and let uq G L^{Q) be such that < uq < 
Wfj^g in Q. Suppose u is the unique global solution of (P\) given by Theorem 3.4 which 
satisfies < u < w^,, in Q x (0, oo). Then there exists a constant < < fio given 
uniquely by (1.2) such that u{-,t) converges uniformly in C'^{Q) to w^^ as t ^ oo. If 

1 < n < 7 , then the same conclusion remains valid /or < A < A*(l + xl^^l)^ and 

yUo = A*. 

Proof Let {ti}°Zi be a sequence such that ti > to for any i > I and — )■ oo as 

2 — 7- oo. By Corollary 2.4 the sequence {ti}°Zi has a subsequence {t^}^! such that 
u{-,t'j) converges uniformly in C^(f2) to a solution v of (S^) as i — )■ oo. Let 

Ao = ^ (3.2) 
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Then Aq < /i < fio- Let fii = min{/i' > Aq : w^'lx) > v{x) Va; G Q}. Then 
Ao < yUi < /^o and Wfj,-^{x) > v{x) in f2. Let q{x) = Wfj,-^{x) — v{x). Then q{x) > in 
fl and q{x) = on dQ. Suppose q{x) in Q. Then /ii > Aq. Since 

_ A _ /^i ^0 Aq Aq _ 2Aog ^ . 

for some function C,{x) between ty^^(x) and v{x), by the strong maximum principle 

dq 

qix) > in and — < on 9f2 

ov 

dw dv 

=^ Wn, (x) > v(x) in Q and — < 7^ on (3.3) 

where d/dv is the derivative with respect to the unit exterior normal v on dVL. Let 

1 . f dv dw,, 



El = - mm 



-"Ml 



3 an \9z/ 9z/ 

Then ei > 0. Since Q C is a smooth bounded domain, there exists Si > 
such that for each x G flsi there exists a unique minimizing normalized geodesic 
7 = 7^: [0,pi] n such that 7(0) = x, 7(pi) G (911, 7([0,Pi)) C fi, 7'(pi) is 
perpendicular to dQ at 7(pi) where pi = dist(x,9fi) (cf. [2S])- We may also assume 
that 61 is small such that 



d_ 

d'y 



'v-Wi,,)>ei WxeQs^ (3.4) 



where d/d'-f is the partial derivative along the geodesic 7. By Theorem 1.1 and (3.3) 
there exists p2 ^ (Ao,/^i) such that 

w^^i^) > '^i^) inQ\Qsi (3.5) 

and 



<^ VxGfi^,. (3.6) 



By (3.4) and (3.6), Vx G r^^, 



° d f^^ f d d 

Wfj^^ix) - v{x) = I —{Wf,2-v)ds= / [ —{v - Wf,^) + —{Wf,^ -Wfj,^) ]ds > 0. 



pi 



(3.7) 

By (3.5) and (3.7), 



w^^i^x) > v{x) in Q. 



This contradicts the choice of pi. Hence q{x) = on 17. Thus 

Ao = /Ui and v{x) = w^j^{x) in Q. (3. 
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By (3.2) and (3.8) fii satisfies (1.2). Since fii is uniquely determined by (1.2) in- 
dependent of the subsequence {t^}^!, {u{-,ti)}°l^ converges uniformly in C^(f2) to 
as 2 — !■ oo. Since the sequence {ti}°Zi is arbitrary, u{-,t) converges uniformly in 
C^(f2) to w^-^ as 2 — )■ oo. 

If 1 < n < 7, then by Theorem 1.1 and a similar argument as before the same 
conclusion holds for < A < A*(l + xl^l)^ cind /zq = A* and the theorem follows. □ 

Theorem 3.6. Let 1 < n < 7 and let Q G M."- be a smooth convex bounded domain. 
Let X > 0, < ai < (1 + xl^l)^ and 

_ ai(l - ||w*||oo)^ 

Then for any < ei < Eq, aiX* < A < A*(l + x i-TiwJ "^' ""o ^ L^{^) such that 
2£iw* < Uq < w^, in Q, there exists a unique global solution of (P\) satisfying 

Eiw^: < u < w^: in Q X (0, oo). (3.9) 

Moreover u{-,t) converges uniformly in C^(n) to w^-^ as t ^ oo where fxi > is 
uniquely given by (1.2). 

Proof. Note that uniqueness of solution of {P\) follows by Theorem 2.1. We next 
prove the existence of global solution of (-Pa)- We divide the proof into two cases. 
Case 1 : Uq E C°°(n). 

By Theorem 2.2 there exists T' > such that (Pa) has a non-negative solution u 
innx (0,T'). By the parabolic Schauder estimates [21] m G C2+/3'i+(/3/2)(n x [0,T')) 
for some constant < (3 < 1. Since Aw^ < in f2, > in and if* = on dQ, 
by the Hopf Lemma, 

^ < ondn (3.10) 

where u the unit outward normal on dQ. Since uq — 26iW^: > in and Uo — 26iW^ = 
on dn, by (3.10), 

duo dw^ dw^ 

— <2ei^— <ei— — ondQ. (3.11) 
ou ov ov 

Let 

1 . / <9ty* duQ 



en = — mm £1 „ 

By (3.11), £2 > 0. Then similar to the proof of Theorem 3.5 there exists 5i > 
such that for each x G fi^^ there exists a unique minimizing normalized geodesic 
7 = 7^.: [0,pi] ^] such that 7(0) = x, 7(pi) G 7([0,pi)) C fi, 7'(pi) is 
perpendicular to at 7(pi) where pi = dist(x, 9f2). We may also assume that b\ is 
small such that 

d 

— {sxw^ - Mo) > £2 Vx G fi^i (3.12) 
07 
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where d/d'^ is the partial derivative along the geodesic 7. Let 

£3 = min (mo — (3.13) 

Then £3 > 0. Since u e C2+^'i+(^/2) (H x [0, T')), there exists < Ti < T' such that 

||«(-,t)-«o||Loc(a) < ^ VO<t<ri (3.14) 



and 

d 

— {u{x,t) - uo{x)) 



< ^ Vx e fi^i, < t < Ti. (3.15) 



By (3.12), (3.13), (3.14) and (3.15), 

u > Eiw^ in {Q \Qsi) X [0, Ti] (3.16) 

and 

— (£iw*(x) -'u(x,i)) > Vx e 0^1,0 < t < Ti. (3.17) 
Let X e fi^i and < t < Ti. Then by (3.17), 

£if/;*(x) - ti(x,i) = / —(eiwJ'y(s))-u('y(s),t))ds<0 Vx e Q^^, < i < Ti. 

(3.18) 

By (3.16) and (3.18), 

u{x, t) > Eiw^x) ^x eQ,0 <t <Ti. (3.19) 
Let T = sup{T2 >0:u> Siw^ in Q x [0, T2]}. Then T >Ti and 

ut <Au H ^— ^ in n X (0, T) 

<Au+ . ^ innx(0,T). (3.20) 

(1 — uy 

By (3.20) and Lemma 3.3, 

u<w^ inQx(0,r). (3.21) 

By the Schauder estimates we can extend m to a function in C2+/3,i+(/3/2)(^^ ^ [0,T]). 
By (3.21) and (P^), 

'"^^" ^i-^),:;,;^^, '""xO.-)- (3.22) 
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Let ijj = Eiw^. Then 

A eiA* A 

^V' + ^T77^ -r = - -T? + 



>0 mQx(0,r). (3.23) 



By (3.19), (3.22) and (3.23), 



{u - ip)t > ^{u + XF{u, ij;){u -ip)> A{u - ip) + Xao{u - tp) in Q x (0, T) 
u{x, 0) — ip{x) > Siw* > in Q 

(3.24) 



where 



and 



Hence 



(l-uni-m^ + xInT^J' 



Qq — _min F{u, ip) > 0. 
nx[o,T] 



(3.25) 



(g-Aaot(^ - > A(e-^"»*(M - V)) in 11 X (0, T] 
u{x, 0) - ^|J{x) > in Q 

By (3.25) and the strong maximum principle, 

u-iIj>0 in Q X (0, T] u{x, T) > eiw^{x) in Q (3.26) 

and 

d 

— (^(a;, T) - eiw^{x)) < on (9fi (3.27) 

By (3.26) and (3.27) and an argument similar to the one before there exists a constant 
5 > such that 

m(x, T) > {si + 5)w^{x) in (3.28) 

By repeating the above argument there exists a constant T2 > such that there exists 
a solution u of (Pa) in Q x (0,T2) with initial value u{x,T) such that u > Siw* in 
Q X (0,r2). Let u{x,t) = u{x,t- T) for aR x e Q, T < t < T + T2. Then is a 
solution of (Pa) in x (0, T + T2) such that u > Siw^ in Q x (0, T2). This contradicts 
the maximahty of T. Hence T — 00. 
Case 2 : uq G L^{n) 

We choose a sequence of function Mo,fc G C°°{Q) satisfying 

2£ity* < uo,fe < tw* in 
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such that Mo,fc — ?■ uq in L^{Q) as A; — ?■ oo. For each A; > 1 by case 1 there exists a 
unique global solution Uk of (Pa) with initial value Uo,fc satisfying 

Eiw^: < Uk < in Q X (0, oo). 

By the parabolic Schauder estimates [21] the sequence {uk}'^=i are uniformly bounded 
in M G C^+'''^+'^''/^^(n X {6, oo)) for some constant < /3 < 1 and any 5 > 0. By the 
Ascoli-Arzela theorem and a diagonalization argument the sequence {uk}'^^i has a 
subsequence which we may assume without loss of generality to be the sequence itself 
that converges uniformly in C'^+P''^+(I^/'^'>(^[1 x (5,1/S)) for any < 5 < 1 to some 
function m as A; — oo. Then u satisfies 

— =Au-\ miZxfO, oo) 

u =0 on dVt X (0, oo) 

and (3.9). Since each Uk satisfies (2.30) in f2 x (0, oo), letting A; — i- oo we get that u 
satisfies (2.14) in x (0,oo). Letting t ^ in (2.14), by (3.9) u{-,t) uq in L^{n) 
as t — )■ oo. Hence u is the global solution of (-Px)- 

By (3.9) and an argument similar to the proof of Theorem 3.5 u{-,t) converges 
uniformly in C'^{Q) to as t — oo where /zi > is uniquely given by (1.2) and the 
theorem follows. □ 

Theorem 3.7. Let 1 < n < 7 and let Q C M" be a smooth convex bounded domain. 
Let < 5 < 1/2, X > and < A2 < A* satisfy 

(1-25) / f dx Y f f dx 



A27T^^T? 1 + X / ^ <A<AMl + x 



(1 - ||w,||oo)^ V Jn^-w^J V ynl-(l-25)wA 

Let Uq G L^{Q) satisfy (1 — 6)10x2 ^ Uq < in fl. Then there exists a unique global 
solution of (P\) satisfying 

{l-25)wx2<u<w^ zn fix (0,00). (3.29) 

Moreover u{-,t) converges uniformly in C^(fi) to as t 00 where fii > is 
uniquely given by (1.2). 

Proof. By an approximation argument similar to the proof of Theorem 3.6 it suffices 
to prove the existence of global solution of {P\) for the case Uq G C'^{VL). By Theorem 
2.2 and an argument similar to the proof of Theorem 3.6 there exists a maximal time 
T > such that {P\) has a solution u in fi x (0, T) which satisfies 

M > (1 - 25)wx2 in fi X (0, T). (3.30) 
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By (Pa) and (3.30), 



A 



ut<^u+- — ^ inr]x(0,T) 

<Am + — ^— ^ ml]x(0,T). (3.31) 

(1 — uy 

By (3.31) and Lemma 3.3, 

u<w^ in^]x(0,T). (3.32) 

By (3.30), (3.32) and the parabolic Schauder estimates [21], m e C'^+f^'^+^P''^^(Sl x 
[0,T)) for some constant < /3 < 1. Hence we can extend m to a function in 
C2+/3.i+{/3/2)(n X [0,T]). Then by (Pa) and (3.32), 

ut>^u + - ^ infix(0,r). (3.33) 

(l-n)2(l + x^ (Xz|;))2 

Let ifj = {1 — 2S)wx2- Then 

A , (1-25) A 



(1 - mi + Xln l^Y (1 - ^M? (1 - mi + Xln l^Y 

^ 1 ( A(1-u;aJ^ , ... 

>0. (3.34) 

By (3.33), (3.34) and an argument similar to the proof of Theorem 3.6, 

u-^>0 infix(0,T] ^ u(a;,T) > (1 - 25)wa2(x) mVL (3.35) 

and 

— (u(a;, T) - (1 - 25)wa,(x)) < on dVt. (3.36) 

By (3.35) and (3.36) and an argument similar to the proof of Theorem 3.6, there 
exists a constant 5i > such that 

u{x,T)>{l-25 + 5i)wxAx) oTiVL. (3.37) 

Then similar to the proof of Theorem 3.6 by (3.37) u can be extended to a solution 
of (Pa) in ^] X (0, T + Ti) for some Ti > such that 

u>{l-25)wx, in X (0,T + Ti). 

This contradicts the maximality of T. Hence T = oo. By an argument similar to the 
proof of Theorem 3.6 u{-,t) converges uniformly in C^(f2) to w^^ as t — )■ oo where 
/ii > is uniquely given by (1.2) and the theorem follows. □ 

By an argument similar to the proof of Theorem 3.6 and Theorem 3.7 we have 
the following result. 
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Theorem 3.8. Let 1 < n < 7 and Q C be a smooth convex bounded domain. Let 
0<S< 1/2, X > 0, < A < A*(l + xMf, 

A , , A 

A* = T, TrTivJ ^'^^ A* 



Let uq G satisfy W(^i_s)iJ.' ^ Uq < Wfj, in fl. Then there exists a unique global 

solution of (Px) satisfying 

W(i-2S)iJ.' <u<Wn m Q X (0, oo). 

4 Quenching behaviour 

In this section we will prove the quenching behaviour of the solution of (Px) when A 
is large. We first start with a technical lemma. 

Lemma 4.1. Let uq = on fl and let x satisfy 

< X < p. (4.1) 

Then there exist constants Ai > and such that for any A > Ai and any global 
solution u of (Px) there exists a sequence {ti}'^i, ^ oo as i ^ oo, such that 



J 

Jn 



I 

Jn 



u^{x, ti) dx ^ as i ^ oo (4.2) 
dx 



'n 

and 

f nrr 

< Cx, Vi e Z+. (4.3) 



n {l-u{x,ti)f 

Proof. Let < 5 < 1. By (4.1) we can choose constants < £ < 1, Ai > and K > Q 
such that 



-^(^-T^)'--''<^- 

Let A > Ai and let m be a global solution of (Pa)- By Theorem 2.1 and Theorem 
2.2, -u > on X (0, oo). By (2.23) of Theorem 2.3 there exists a sequence {tj}^-,^, 
— )■ cxD as i — )■ cxD, such that (4.2) holds. Let Ui = u{x,ti). By (4.2) we can assume 
without loss of generality that 

ltdx<^^ VieZ+. (4.5) 
Multiplying (Px) by u, integrating over and putting t = ti, 

UiUitdx+ / [S/uA"^ dx — \- — ^ , . (4.6) 
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Now 



= f 




dx 




_ f 


Jo. 


(1 


— 




Jn 


>-l 

Jn 




dx 






(1 


— ti, 


f 


>(1- 


- e 


)/ 




dx 




(1 


- Ui) 



dx 

— Ui 

dx 

n ^ 



(4.7) 



and 



d,T \ ^ f dx r. f f dx ^ ^ 
1 + X / 1 =l + 2x / 1 + xH / 1 

dx \ 2 , _ , /■ 



(1 - Ui) 



<l + l.(l + .)x^|.|/^(^. (4.8) 

If there exists a subsequence of Ui which we may assume without loss of generahty to 
be the sequence itself such that 

C dr 

(1 + ^)x'M / 71 V2 ^ (1 + ^"')^ ^ 

then (4.3) follows and we are done. Suppose no such subsequence exists. Then there 
exists a subsequence of Ui which we may assume without loss of generality to be the 
sequence itself such that 

(1 + I Tr^2 > (1 + ^'')^ e Z+. (4.9) 

Jn 0--UiY 

By (4.1), (4.2), (4.5), (4.6), (4.7), (4.8), (4.9) and Theorem 2.3, 

dx |Q| 



A (l-£) 



(1 - Uif 4£ 



2A \ f dx 



,(1 . + ( (I .?) ' (I <,) ' + ^^) _ 



25 



Hence by (4.4) and (4.10), 



dx \Q\ , , ^ , 

< -A r Vi e Z+. 



ayl-Ui)^ - 4£(l-£)(l-ao) 
and the lemma follows. □ 



Theorem 4.2. Let Uq = on Q and let x satisfy (4-1) ■ Let Ai > &e given by 
Lemma 4-1- Then there exists a constant A2 > Ai such that for any A > A2 and any 
solution u of (P\) there exists Ti > such that 

lim sup u{x,t) — l. (4-11) 

Proof. Let Ai and be as in Lemma 4.1. Let A > A2 for some constant A2 > Ai 
to be determined later. Suppose m is a global solution of {Px). By Theorem 2.1 and 
Theorem 2.2, > in x (0, 00). By Lemma 4.1 there exists a sequence {tijj^i, 
— >■ 00 as i — >■ 00, such that (4.2) and (4.3) holds. Let Ui — u{x, ti). Since < Ui < 1, 
by (4.3) and Theorem 2.3 there exist E H^{n), < < 1 in fl, < g e L'^{Q) 
such that 

/ 9''dx<Cx, 
Jn 

and a subsequence of {ui} which we may assume without loss of generality to be the 
sequence {ui} itself such that 

Ui — 7- Moo weakly in Hq^Q) as i — )■ 00 

Ui — > Uoo weakly in L^(f2) as i — )■ cxo (4-12) 

(1 — Ui)~^ — )■ g weakly in L'^{fl) as i ^ 00. 



Letting i — >■ 00 in (4.3), by the Fatou Lemma, 

dx 



I 

Jn 



(1 -ttoo) 



< Ca,. (4.13) 



Hence Uoo{x) < 1 a.e. x E fl. Let < e C^{fl). Multiplying (P^) by r], integrating 
over fl and putting t = ti, 

r f I — dx 

/ u,,tV dx^- Vu,- Vv dx + A . "^'7^',^ e Z+. (4.14) 



Letting i ^ 00 in (4.14), by (4.2) and (4.12), 

Vmoo ■Vr]dx + xj^lil^^^pl^ < C lim Wu.^l^^^) = 0. (4.15) 
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Putting e = 1 in (4.8) and letting z — > oo, by (4.3) and (4.12) we have 

{1 + X [ gdxf <2 + 2x'MCx,=K, (say). (4.16) 
Jn 

Let A2 = max(Ai, A*Ki). Then by (4.15) and (4.16), 



- / Vuoo ■Vr]dx + — / -Tj dx < 0. 

Jn Ki (1 - UooY 

Hence weak supersolution of {S\/Ki) and A/i^i > A*. Let A* < A3 < X/Ki. 

By an argument similar to the proof of Proposition 5.3 of [2] there exists a classical 
solution of {S\^). This contradicts the maximality of A*. Hence there exists Ti > 
such that (4.11) holds and the theorem follows. □ 

Theorem 4.3. Let Q = B^i and < Mq G L^{Bfi) be a radially symmetric monotone 
decreasing function which satisfies (0.1) for some constant < a < 1. Let x > 0. 
Then there exists a constant C3 > and such that for any A > Aq = Cs/ii and any 
solution u of (Px), u quenches in a finite time 

T, < (4.17) 

Proof Let m be a global solution of (Pa) and let 

E{t) = / u{x,t)(j)i{x) dx. 
Jn 

By Theorem 2.1 and Theorem 2.2 n > and u is radially symmetric in Q x (0, 00). 
Hence u{r,t) = u{\x\,t) where r = |a;|. Since Uo{r) is a monotone decreasing function 
of < r < i?, by the strong maximum principle and an argument similar to the proof 
of Theorem 1.5 of Ur{r, t) < for all < r < i? and t > 0. Then by an argument 
similar to the proof of Proposition 1.3 there exist constants Ci > and C2 > such 
that (1.4) and (1.6) hold with v being replaced by u{x,t). 

Multiplying (Pa) by (pi and integrating over Q, by the Green theorem, (1.4), and 
(1.6), 

d d f f , , A /" , , , . , (i-«)2 



-E{t) =— ucpidxj = I (f)iAudx + X 

> — /ii / M01 dx + \ 
Jq 

>-fXiE{t) + \ 



dt dt\j^ J j^^' a+xin^j 

In (i-m)2 
^ + C,x'In^dx 

In 



2 + In (t>i dx 
A 

>^ (4.18) 
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where C3 = 2 + Csx^ and Aq = C^^^l. By (4.18), 

(A-Ao). 



-t < E{t) < 1. 



Hence u quenches in a finite time Tx which satisfies (4.17) and the theorem follows. 

□ 
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